COHOMOLOGY OF TRIVIAL 
EXTENSIONS OF FROBENIUS ALGEBRAS 

o 
o. 

CN . Jorge A. Guccione and Juan J. Guccione 

as: 

ABSTRACT. We obtain a decomposition for the Hochschild cochain complex of a 
split algebra and we study some properties of the cohomology of each term of this 
decomposition. Then, we consider the case of trivial extensions, specially of Frobe- 
f*0 , nius algebras. In particular, we determine completely the cohomology of the trivial 

extension of a finite dimensional Hopf algebra. Finally, as an application, we obtain 
a result about the Hochschild cohomology of Frobenius algebras. 

•s 

Introduction 

Let k be a field, A a fc-algebra and M an A-bimodule. The split algebra E = 
Ak M, of A with M, is the direct sum A(BM with the associative algebra structure 
CO | given by 

J^ ■ (a + m)(a' + to') = aa' + am' + ma' . 

The (co)homology of split algebras, and of several particular types of split alge- 
r^^ ' bras, such as the triangular matrix algebras and the trivial extensions, has been 

considered in several papers. See for instance [C], [C-M-R-S], [G-Gl], [G-M-S], 
[HI], [M-P] and [Mi-P]. This study is motivated in part by the relations between 
the degree one Hochschild cohomology and the representation theory of a finite 
dimensional algebra [H2], [M-P], [S], the relations between the second and third 
Hochschild cohomology groups and the theory of deformations of algebras [G] , [G- 
S], and the following question of Happel [HI]: if an algebra has only a finite number 
of no nulls Hochschild cohomology groups, is the algebra of finite homological di- 
mension? Moreover, the Hochschild cohomology groups are interesting invariants 
of an algebra in its self. 

In this work we continue the study of the Hochschild cohomology of split algebras, 
computing the Hochschild cohomology of a trivial extension of a Frobenius algebra 
A in terms of the Hochschild cohomology of A. 

Let E = A x M a split algebra. This paper is organized as follows: in Section 1 
we show that the canonical Hochschild complex of E with coefficients in E has a 
canonical decomposition as a direct sum of subcomplexes XT ■,, such that Xfa is 
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the Hochschild cochain complex of A with coefficients in M and XT' ■. — for all 
n < p — 1 . Hence, 

n+l 



HH™ (E) = H n (A, M) © H n (X, 



(p)> 



Moreover, we prove that, under suitable hypothesis, for all p > 1 there is a long 
exact sequence relating the cohomology of XI ' •., the Ext groups Ext^ c (M® AP_1 , A) 
and the Ext groups Ext^«(M® AP , M). 

In Section 2 we consider the cohomology of the trivial extension T A of an algebra 
A, which is the split algebra obtained taking M — DA, where DA is the dual vector 
space of A, endowed with the usual A-bimodule structure. For these algebras we 
compute H n {X* (1) ), for all n > 0, and H'P^iX*^), for each p > 2. 

The results of Sections 1 and 2 are close to the ones obtained in [C-M-R-S]. 

In Section 3 we study trivial extensions of Frobenius algebras. The main re- 
sult is Theorem 3.10, where we compute the Hochschild cohomology of the trivial 
extension of a finite order Frobenius k- algebra (see Definition 3.7), when the char- 
acteristic of k does not divide the order of A. In particular, this result applies to the 
trivial extension of a finite dimensional Hopf algebra. Finally, as an application, 
we obtain a result about the Hochschild cohomology of a finite order Frobenius 
fc-algebra. 

1. A DECOMPOSITION OF THE COHOMOLOGY OF AN SPLIT ALGEBRA 

Let k be a field, A a fc-algebra and M an A-bimodule. Let E = Ax M the split 
algebra of A with M As it is well known, the Hochschild cohomology iiii*(E) — 
H(E, E) is the homology of the cochain complex 

-* E ■£♦ Hom fe (£, E) -£♦ Hom fc (£® 2 , E) ■£ Hom fe (£® 3 , E) -£ . . . , 
where E® n is the n-fold tensor product of E, b 1 (x)(y) = yx — xy and for n > 1, 

b n (f){x\ (g> • • • <g) X n ) = Xlf(X2 • • • X n ) 

n-1 
+ *^2(-l) l f(x 1 • • • XiX i+ i • • • X„) 
i=l 

+ (-l)"/(xi0---0x„_i)x„. 

For < p < n, let _B™ C i*;®™ be the vector subspace spanned by n-tensors 
xi • • • x n such that exactly p of the Xi's belong to M, while the other Xi's 
belong to A (note that i?§ = fc). To unify expressions we make the convention that 
B™ = 0, for p < or n < p. For each p > we let XI n denote the subcomplex of 
(Hom fc (£®*, £), 6*) defined by: 

A ( " p) := Homfc^i, A) © Hom fe (B;, M). 

It is immediate that (Hom k (E®~* , E), b*) = 0^L O X* y Hence, we have proved the 
following result: 
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Theorem 1.1. It is holds that 

oo n+1 

HH"(£) = 0P(I ( ;,) = ff l (4,M)©0IT'(^ ) ). 

p— p— 1 

We also have the following result: 

Theorem 1.2. // Torf (M, M® AJ ) = for i > and < j < p, then there is a 
long exact sequence 

-► H p ~ 1 (X^ p) ) -* Ext&.(M® x1 '- 1 , A) -> Ext Ac (M® AP ,M) -> 

->H p (XT p) ) -*Exti.(M® xp - 1 ,j4) -> Ext^ e {M® AP ,M) ->..., 

where, as usual, M® A ® = A. 

To prove this theorem, we need to study the cochain complexes XT >, for p > 1. 
Let it a '■ E —> A and ttm '■ E — ► M be the maps 7^(0 + 771) = a and ttm(& + wO = w ; 
respectively. Note that XT-, is the total complex of the double complex 



f,0,p+2 



6 l,P+2 



Hom fe (££+{, 4) ^ Hom fe (5£+ 2 , M) 



A (p) := 



v- 

fcO.p+l 



(,i,p+i 



HonufBj.!, A) — l* Hom fc (BP +1 , M) 



6l' p 



row p — 1 



Hom fc (BjZ 1 1 , A) -^->- Hom fe (BP, M), 



T 



where 



# n (/)(*i® 



6p'"(<?)(^i 



column 
• 0£„) = 7Ta(xi)/(x2 

n-1 

+ 2(-i)7(*ic 
+ (-i)7(*i ® ■ ■ 

>x„ + i) = xig(x 2 •• • 

n 
+ ^(-1)^(^5 
i=l 

+ (-ir +1 5 0n g 



••• 0x„) 

5 • • • XjXj+i • • • £„) 

• (g)x„_i)7T A (x„), 

Xn+i) 



5 XiX i+ i 



X„+i) 



<y" (/)(»i 0---0x„) = tt m (xi)/(x2 0---0x„) 



(-i)7(*i 



'X„_i)7rM(x„), 
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for / G Uom k (B^,A) and g G Hom fe (5™, M). 

It is immediate that the cohomology H*(X,j?) of the 0-column of X^t is the 
Hochschild cohomology HH*(A). Moreover, we have the following result: 

Theorem 1.3. The following assertions hold 

1) J/Torf (M, M® A i) = for i > and < j < p - 1, then 

H n (X° p *) = Ext r X: p+l (M® Ap -\A) for alln>p-l, 

2) If Tot f (M, M® A ') = for i > and < j < p, then 



H n {X}'*) = Ext"7 p+1 (M^ P , M) for alln>p-l. 



Proof. We prove the second assertion. The first one follows similarly. In the proof 
of Theorem 2.5 of [C-M-R-S] was showed that, under our hypothesis, the complex 

M ®ap j£_ A®B p p ®A^ A® B p+1 ®A^ A® B p+2 ®aS-..., 
where n p (a x\ ■ ■ ■ x p a') = axi ®a %2 ®a • ■ ■ <S>a %p-i a x p a' and 



b' n (XQ ■ • • Xn+p+l) = tta(xqXi) x 2 • • • x n+p+ 



n+p — 1 

+ V] (-l) l x • • • (3XiX i+ i • • • 0x„ +p+ i 
+ (-l) n+p x • • • x„ +p _i ^(x n+! ,i„ +! , + i), 



is a projective resolution of M® AP as an A-bimodule. The assertion follows from 
this fact, using that XK* ~ Uom A e((A B* +1 A, &;_ p+1 p ), M). □ 

Proof of Theorem 1.2. It follows from the long exact sequence of homology of 
the short exact sequence 



using Theorem 1.3. □ 

Remark 1.4. The vector spaces S" were considered in [C-M-R-S] in order to orga- 
nize the canonical Hochschild cochain complex of E as a double complex. Using the 
decomposition (Kom k {E®* , E) , b*) = ®%L X?s obtained above Theorem 1.1, can 
be easily shown that the spectral sequence introduced at the beginning of Section 3 
of [C-M-R-S] satisfies E 2 = E 3 = ■ ■ ■ = E°°. However, the term E 2 is hard to 
compute in general. 

2. Trivial extensions 

Given an A-bimodulc M, we let DM denote Honifc(M, fc) endowed with the usual 
A-bimodulc structure. 
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Definition 2.1. Let A be a fc-algebra. The trivial extension T A of A is the split 
algebra A k DA. 

Theorem 2.2. For each trivial extension T A, it is hold that 

H°(X{ 1} ) = HH°(A) and H n {X* (l) ) = HH"(A) © Ext^ 1 (DA, DA) Vn > 1. 

Proof. Let ^'* : (Rom k (B^,A),-b a {* +1 ) -> (Rom k (B* 1 + \ DA),b{'* +1 ) be the map 
defined by 

^i'" _1 (/)(^i • • • «„) = 7rr>A(a;i)/(x2 •• • 0x„) 

+ (-l)"/(xi (g> • • • <g> x n -i)ir DA (x n ). 

By Theorem 1.3, H n (X°±*) = HH"(A) and H n ~ 1 (XhT) = Ext^I 1 (DA, DA). Thus, 

we must prove that H n {X* {l) ) = H n {X° { l*)®H n - 1 {X 1 { {*). Since X* 1} is the mapping 

cone of 5i , to made out this task it suffices to check that S t '* is null homotopic. 
Let <r* : Hom/^Dg, A) — ► Homfc(_BJ", DA) be the family of maps defined by 

cr„(/)(xi ! „)(a) = (-l) J '" +1 a; j (/(x j+ i ) „ 0a0xi ;j _i)) if Xj £ DA, 

where, to abbreviate, we write Xh.i = Xh ■ ■ ■ %U for ft < L We assert that er* is 
an homotopy from 5{* to 0. We have, 

&i' n (^n(/))(xi,„+i) = 7r j4 (xi)(cr n (/)(x2 :Il+ i)) + (-l)" +1 (cr n (.f)(xi ! „))7r y i(x rl+ i) 

n 
+ y^(-l)V ra (/)(Xi ii _i X;X i+ i (g) X i+ 2,„ + i). 
i=l 

Hence, if xi G DA, then 

6i ,n (an(/))(xi >n +i)(a:„ + 2) = (-l)" +2 xi(x2/(x 3 ,„+2)) 

n+l 

+ ^(-l) rl+4+1 a; 1 (.f(x2 !l _i 0x 4 x 4+ i 0x i+2i „ +2 )), 

i=2 

if Xj G DA for 1 < j < n, then 

6 1 '"(a„(/))(x 1 ,„ +1 )(x ) = (-l)«- 1 )" +J x j (/(x j+1 ,„ +1 fcxo^to-i) 

J-2 
+ ^(-l) (j_1)n+i+1 X j (/(x j+1;n+1 0X Oii _i 0X 4 X l+ i 0X i+2 ,j-l)) 
i=0 

+ (-l) j " +j+1 Xj(Xj + l/(Xj +2l n+l X0j-l)) 

n 
+ ^ (-l) J " +l+1 Xj(/(x : ,- + i ii _i (gXiXj+i 0Xj +2 ,„ + l 0X O ,j_l)) 

+ (-l) jn+n Xj(f(Xj+l >n 0X„ + lX O ®X!j_i)), 
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and if x n+ \ G DA, then 



b\' n {(T n (f)){Xl,n+l){Xo) = X!( _1 )™ +l+lx ™+ 1 (^( X °^- 1 ® x i x i+l ® x i+2,n)) 

j=0 

- X n +l{f{*o,n-\)x n ). 

On the other hand, if x\ G DA, then 

a n+1 (-6?'"(/))(x 1 ,„ +1 )( :Cn+2 ) = (-l)"+ 1 x 1 (6^"(/)(x 2 ,„ +2 )) 

= (-l)" +1 a;i(.X2/(x3 ! „ + 2)) + xi(/(x2,„+i)x„ +2 ) 

n+l 
+ ^(-l)" + 'a;i(/(x2 ; i-i XiXi+i X i+2 ,n+2)), 
i=2 

if Xj G -D^4 for 1 < j < n, then 

a n+ i(-6?' n (/))(x 1;n+1 )(x ) = (-lp +1 ) + V(&?' n (/)(x j+ i,„+i 0x Oij _i0)) 
= (-l) j( ™ +1) .Tj(a; J+1 /(x J+ 2, n+ i 0x OJ _i)) 

n 
+ Yl (- 1 ) J{n+1)+i ~ Jx j(f( K J+hi--i- ®XiXi+\ 8)X 4+2j „ + i 0X O j_i)) 

+ (-l) j(rl+1)+ "--'' +1 ^(/(x, +l! „ 0x„ +1 x o xij.i)) 

i=0 

+ (-l)i("+ 1 )+"+ 1 Ij (/(x j+1| „ +1 ®x 0iJ . 2 )i j . 1 ), 
and if x„+i G Z?^4, then 

^+i(-^ ri (/))(x Ml+ i)(x ) = {-ir +i x n+l {b^\f)(^ n )) 

= (-l)" +1 x„ + i(a;o.f(xi ! „)) +cc n+ i(/(x ,„_i)a; n ) 



y^(-l)" +I Xn + l(/(x 0)i _i 0XiX i+ i 0X i+2 ,„)). 



(=0 

The assertion follows immediately from these equalities. □ 

As usual, for each A-bimodule M we write M® A ' = Af/[A, M], where [A,M] 
is the vector subspace of M generated by {am — ma : a G A,m G M}. The map 
9 : Hom i c((DA) 8 ^- 1 ,A) -> Rom k ((DA)® A P® A e, k) defined by 

^CfXV'i • • • V'p) = i> P (f(4>i • • • V'p-i)) 

is injective. For each p > 2, we let Cyc^(Z?A) denote the set of fc-linear maps 
g: (DA)® AP -> k verifying 5(^1 • • • Vp) = (-l)" -1 ^^ • • • i> P V'l)- Note 
that Cyc p A (DA) C Rom k ((DA)® A ® A e,k). 

The following lemma and its proof is inspired in the proof of Theorem 5.5 of 
[C-M-R-S]. 
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Lemma 2.3. For each p > 2, it holds that 

HP-\X* {p) ) ~ 6(Rom A .((DA)^"- 1 ,A))nCyd' A (DA). 

Moreover, if A is a finite dimensional k-algebra, then 9(Rom. A e((DA)® AP ~ 1 , A)) n 
Cyc p A (DA)=Cyc A (DA). 

Proof. Let us compute H P ~ 1 (XT A. It is easy to see that H P ~ 1 (XT A is the kernel 
of 

S 1 ^- 1 : Kom A e((DA)® Ap - 1 ,A)^Jlom A e((DA)® AP ,DA), 

where <5p' p_1 is the map defined by Sp' p ~ 1 (f){il>i ■ ■ ■®^p) = ipif(ip2® • • -0 tp P ) + 
(—l) p f(ipi ■ ■ ■ ipp-i)ipp. Consider the isomorphism 

#: Kom A e((DA)® AP ,DA) -► YLom k {{D A)® AP ® A , , k), 

given by i?(/)(f/'i • • • 4> p ) = f(ipi ■ ■ ■ i/'p)( 1 )- Let 5 be in the the image of 9. 
We have 

(^^" 1 »«" 1 (#i®-^ p ) 

= ^{B-\g){^ • • • Vv)) + (- WpC^teXV'i • • • VV-i)) 

= .9(^2 • • • V'p V'l) + (-!) p 5(^i • • • i'p)- 

Hence H P ~ 1 {X* ) ~ 0(Hom j4 e((IM)®'«'- 1 , A)) n Cyc^ (1X4), as desired. To finish 
the proof it is sufficient to note that if dim A < 00, then Homk((DA)® AP <Z) A ,!, k) ~ 
Hom A e(( J DA)^- 4p - 1 , J DZ)^) ~ Kom A .{{DA)® Ap -\A), which implies that 9 is an 
isomorphism. □ 

The following result improves Theorem 5.7 of [C-M-R-S]. 

Corollary 2.4. For all algebra A and each n > 1, we have 

ER n (TA) = BR n (A) © UU n {A)* © Ext^l 1 {DA, DA) 

n 

© 9(Uom A .((DA)® An , A)) n Cyc^ +1 (ZM) © H n (X* [p) ). 

p=2 

Proof It follows from Theorem 1.1, Theorem 2.2, Lemma 2.3 and the fact that 
R n (A,DA)=Tm n (A)*. D 

Corollary 2.5. Let A be a finite dimensional k-algebra. For each n > 1, we have 

n 

RR n (TA) = UU n {A)(BRR n {A)*(BExt A -\DA,DA)(BCyc A +1 {DA)(B($H n (Xl p) ). 

p=2 



Proof It follows from Corollary 2.4 and Lemma 2.3. □ 
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Lemma 2.6. Let (DDA) A = {p E DDA : aip = tpa for all a E A). It is hold that 
Ext^e {DA, DA) = (DDA) A . 

Proof. We have 

Ext^e (DA, DA) = Hom A e (DA, DA) ~ Hom fe (DA® A e A,k) 

~ Hom fe (A ®ie DA, k) ~ Hom^e (A, DDA) = (DDA) A . □ 

The following two results were obtained in [C-M-R-S]. They use the notation 
Alt A (DA) instead of Gyc A (DA). 

Theorem 2.7. For each trivial extension T A, it is hold that: 

1) HH°(TA) = EH? (A) © EE (A)*, 

2,) HH^TA) = HH^A) © HHi(A)* © (DDA) A © e(Hom A c(DA, A)) n Cyc^(ZM). 

Proof. 1) By Theorems 1.1 and 2.2, and the fact that E n (A,DA) = HR n (A)*, we 
have 

EE°(TA) = H°(A, DA) © H°(X* {1) ) = HH (A)* © rIH (A) 

2) It follows immediately from Corollary 2.4 and Lemma 2.6. □ 

Corollary 2.8. Let T A be a trivial extension of a finite dimensional k-algebra. 
Then, 

1) HH°(TA) = EH°(A) © HH (A)* ; 

2) EE 1 (TA) = HH 1 ^) © HHi(A)* © A 4 © Cyci(ZM). 

Proof. It follows immediately from Theorem 2.7, Lemma 2.3 and the fact that 
DAA ~ A D 

3. Trivial extensions of Frobenius algebras 

We recall that a finite dimensional fc-algebra is Frobenius if there exists a linear 
form tp : A — » fc such that the map A — ► DA, defined by x t— > xy is a left A- module 
isomorphism. This linear form <p: A — > fc is called a Frobenius homomorphism. It 
is well known that this is equivalent to say that the map x 1— > yx, from A to DA, 
is an isomorphism of right A-modules. From this follows easily that there exists an 
automorphism p of A, called the Nakayama automorphism of A with respect to ip, 
such that x(p — <pp(x), for all x E A. It is easy to check that a linear form <p: A —* k 
is another Frobenius homomorphism if and only if there exists x E A invertiblc, 
such that ip = xp. Also it is easy to check that the Nakayama automorphism of A 
with respect to p> is the map given by a 1— ► p(x) p(a) p(x) . 

Given algebra maps / and g, we let A 9 * denote A endowed with the A-bimodule 
structure given by a-x-b := f(a)xg(b). To simplify notations we write Af instead of 
A % f and A 9 instead of A? d . We have the Abimodule isomorphism 0: (DA)® AP — ► 
A pP , given by 9(93x1 <gu • ■ • <8U px p ) = p p ~ 1 (xi)p p ~ 2 (x2) • • ■ p(x p -i)x p . Let 

A pP ^A®A pP ^A^ 2 ®A pP ^A^®A pP ^A^®A pP ^..., 
be the bar resolution of A pP . 
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Proposition 3.1. Let (A B* +p A, 6'/) be as in the proof of Theorem 1.3. The 
following facts hold: 

1) There is a chain map <dl +p : {A B*+p A, b'/) -> (A®* +1 A pP , fe'J, gwen 6y 



©n+p ( X 0,ri+p+l) — 



x „ 9(x n+ i ®a---®a x n+p )x n+p+1 ifxi,...,x„€ A, 







in other case, 



where xo,n+ P +i = Xo • • • x„ +p+ i and x 0rl = x • • • x„, 
2j T/iere is a chain map ^ +p : (A®* +1 A pP , 6'J -> (A B;+p A, 6'/), flwen oy 



r„ +p (j;o«-®vi)= J2 (-V 11 



H hi p +pn 



X • • • X^ lyS 



0<ii <---<z p <n 

0p(x il+ i) • • • 0p(Xi 2 ) (£ 0/9 2 (x i2 + i) • • • p 2 (x i3 ) C/?0 •• • (/? 

/9 p_1 (a; ip _ 1+ i) • • • p p_1 (x 4p ) 0^0 p p (x lp+ i) • • • /(i n ) x n+1 . 

3) pej = 0o/jf anrf 9 o fj,P o *p = /x, where ^:4®BP®i-> (ZM)®- 4 ?' is the 
map introduce in the proof of Theorem 1.3. 

Proof. We left items 1) and 3) to the reader. Let us see 2). For < i\ < ■ ■ ■ < i p < n 
we write 

T iu ..., ip = (-l) il+ '" +ip+pn x • • • x h ip p(x il+ i) • • • p{x l2 ) <p • • • 



nP- 1 



®(p®p p (x ip _ 1+ i) • • • / l (x tp )®(p®p p (x lp+ i)®---®p p (x n )®x 



n+1- 



The term of b' n o ^ + p (xo • • • x n +i) obtained multiplying p J (#*<) by (£ in 
Ti lt ... t i p (with ij > 0) cancels with the term of b' n o \&* +p (xo • • • x„ + i) obtained 
multiplying ip by p 3 (x h ) in T il! ...^ j ._ li i 3 _i iij . +li ... iip . Using this fact it is easy to see 
that b' n p o *^ +p (x • • • x„+i) = *^ +p _i o 6^(x • • • x n+1 ). D 

Theorem 3.2. Let p > 1. Assume that A is a Frobenius algebra. Then, for the 
trivial extension TA, the double complex X,\ , introduced below Theorem 1.2, have 
the same homology groups that the complex 



ji,p+i 
Hom fe ( A® 2 , A) -^— »- Homfe ( A® 2 , A) 



^(P) : 



7,0, p+i 
p 

Homfe (A, A) 



<5i ,p 



•gl.p+1 

p 

■Hom fe (A, A) 

bi' p 



row p — 1 



s i, P -i 
Hom fe (k,A) >■ Homfe (k, A), 



T 



column 
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where 

bp n (f)(xi ® • • • ® x n - P +i) = Xif(x 2 ® • • • ® a;„_ p+2 ) 

n— p 

+ y^(-l)'/(a:i ® • • • ® XiX i+1 ® • • • ® x„_ p+ i) 

+ (-1)"- P+1 /(^1 ® • • • ® Sn-p)^- 1 ^-,^!), 

6p'"(g)(xi ® • • • ® x n -p+i) = xig{x 2 ® • • • ® x„_ p+ i) 

n— p 

+ y^(-l)*g(a?i ® • • • ® XiXi+i ® • • • ® x„_ p+ i) 

»=i 
+ (-l) n_p+1 .g(xi ® • • • ® x n - p )pi p - 1 (x n - p +i), 

?p'" _1 (/)(»i ®---®a;n-p) = (-l) n /(cci <8> ■ • ■ ® ar„_ p ) 

+ (-l)"-^- 1 !/^!) ® • • • ® p(x„_p))), 

/or /, g e Hom fe (A®"-P, A). 

Proof. Let 0*~ and \&£ be as in Proposition 3.1. From Theorem 1.3 and the fact 
that the bar resolutions of A pP -i and A pP are A e -projective resolutions, it follows 
that the maps 

9^ = Homier 1 , A) and ^ = Rom A .(^, DA) 

are quasiisomorphism from Hom^e ((A®* _p+2 ® A pP -i, b'*), A) to X,'? and from 
XK* toHomAe((^®*- p+2 ®jV>,& / J,£ , 4) respectively. Let 



J (p) • " (p) 
and 



S° p t : Y£* - Hom, e ((A®-*+ 2 ® V- . O. ^) 



Tj;t : K 1 -; -> Hom^ ((^*-*>+ 2 ® A pP , it.), DA) , 



(p) • J (p) 
be the chain complex isomorphisms defined by 



and 



S (p"(/)( a o ® ' ' ' ® a«- P +2) = a /(ai ® • • • ® a n - p+1 )a n _ p+2 



T/?(/)(a ® • • • ® a n - p+2 ) = a ipp(f(ai ® • • • ® a„_p + i))a„_p +2 . 



(p)< 
To finish the proof it suffices to check that TV? o5 p >* = \I//? ofi'* o0,'?oH,'!. □ 

p — 1 

Remark 3.3. Recall that A p is A endowed with the A-bimodulc structure given 
by a ■ x ■ b = axpP (b). The columns of Y,*',* are the canonical Hochschild 

cochain complex of A with coefficients in A pP . Hence, H n (Y ( >*) = H n {Y, >*) = 
For each p > 1 we let YV denote the total complex of YV*. 
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Proposition 3.4. Assume that A is a Frobenius algebra. Then, for the trivial 
extension T A, it is hold that 

f HH"(i) ifn = Q, 

y {1)J V (1); \HH n (.4)eHH n - 1 (i4) ifn>0. 

Proof. By Theorems 3.2, 1.3 and the proof of Theorem 2.2, we get 

H n (Y* 1} ) = H n {X* (l) ) = H n (X° { l*) © ff"- 1 ^'*) = HH"(A) © ff"" 1 ^*). 

Moreover, by the proof of Theorem 3.2, we know that Y,^* ~ X,£. Now, the result 
follows from Remark 3.3. □ 

Corollary 3.5. Assume that A is a Frobenius algebra. Then, for all n > 1, we 

have 

n 

RR n (TA) = RR n (A)* © RR n (A) © HH"- 1 ^) © Cyc^ 1 {DA) © H n (Y* p) ). 

p=2 

Proof It follows immediately from Theorem 1.1, Lemma 2.3, Proposition 3.4, The- 
orem 3.2 and the fact that R n (A, DA) = HH„(A)*. □ 

Remark 3.6. Let A be a Frobenius algebra. By Lemma 2.3 and Theorem 3.2, 

Gyc n A (DA) = H n (X* n+1) ) = H n {Y( n+1) ) 

= {x G A : p(x) = (— l) n x and ax = xp n (a) for all a G A}. 

Definition 3.7. Let A be a Frobenius fc-algebra, ip: A — > fc a Frobenius homo- 
morphism and p: A — > A the Nakayama automorphism with respect to ip. We say 
that A has order to G N and we write ord^ = m if p m = id,A and p r ^ id,A for all 
r < to. In this case we also write 

f ord^i if ordyt is even, 
I 2 ord^ if ord^ is odd. 

If p m j£ id^4 for all m G N, then we say that A has infinite order. By the discussion 
at the beginning of this section these definitions arc independent of (p. 

From now on A is a Frobenius algebra of finite order. 

Theorem 3.8. For each n > 1 we write n = qeA + s, with < s < e^. Then, 

q 
HFT(TA) = RR n {A)* © (RR"- teA (A) © RR n - teA -\A)) 

4=0 

© Hn ~ ieA ( Y u)) © Hn ~ qeA ( y 0))> 

J=2 i=0 j=2 

w/iere HIT 1 (A) = 0. 

Proof. Since p 6 - 4 = id and e^ is even, we have Y, \ = Y, '_~ e ? for all p > e^ + 1. 
Hence, if 1 < r < e A is such that p = r (mod e A ), then H n (Y ( * }) ) = H n -P +r (Y£ r) ) 
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for all p > 1. By Theorem 1.1, the fact that R n (A, DA) = RR n (A)* , Theorem 3.2 
and the above equality, we have 

n+1 

HH"(Ti4) = HH n (A)*®0ff' l (y; ) ) 

P =i 

g+1 g ej 9-1 

= HH„(A)* © H n — (Yfo) © iT™ (F ( *)) 

j=l i=0 j=s+2 i=0 

= hh„ (Ay © H n -«e* (y ( ; +1) ) © #— (*& ) © # "-«" (Y& ). 

j=i »=o j=i 

The assertion follows immediately from Proposition 3.4. □ 

Given an A e -projective resolution (X„,<9») of A, let X' n = X n endowed with 
the A-bimodule action a ■ x ■ b := p{a)xp{b). Then (X'^, 9*) is an A e -rcsolution of 
A p Since p: A — > A£ is an A-bimodule map, there is a chain map p* : (X*, 9*) — ► 
(X£,d*), unique up to chain homotopy equivalence, lifting p. Let p > 1. It is easy 
to check that the map 

/ H P" lo /°Pn n> and / e E.om A e(X n ,A pP ), 

is an automorphism of Hom^e ((X* 7 d*), A p J. Taking cohomology we obtain an 

automorphism p* of H*(A,A P ), which do not depend of the choose resolution. 

Clearly (p*) ord ^ [ s the identity map. Assume that the characteristic of k does not 

divide ordA and that k has a primitive ordA-th root of unity w. Since X ordA — 1 

p— i 
has distinct roots w l (0 < i < ord^), the cohomology H n (A,A p ) decomposes as 

the direct sum 

ord^ —1 

H"(A^ M )= h$(A), 

1=0 

where H^J(A) = {x E E n (A,AP P ~ 1 ) : p n (x) = w~ l x}. 

Proposition 3.9. Under the above hypothesis, we have that for each n > p — 1, 

< h;;7 +1 <°(a) © h^V) Up » odd, 

YC { - p+1 ' a {A) © Hfe p '°(A) if char(fc) = 2 and p is even, 

K™~ P+1 '^(A) © H™ p ~ p '^" (A) i/ char(fc) ^ 2 and p, ord^ are even, 
m other case, 



H n (Y, 



d>) 



where HH^'°(il) = HH (p j' 2 (A) = 0. 

Proof. Since the minimal polynomial X ord - 4 — 1 of p: A — > A, has distinct roots «;' 
(0 < i < ord^), the algebra A becomes a orc f z -graded algebra 

A = A a © • • • © A oldA _i, where A» = {a e 4 : p(a) = w"a}. 
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For each < I < orcU, let Y ( *f t be the subcomplex of Y,*f defined by 

Y (p),i = Hom (^«i 8> ■ ■ ■ ® A Un _ p+1 ,A v ), 



where Bi_ n — {(ui, . . . , u n _ p +i, v) such that v — U\ — ■ ■ ■— u n - p +i = / (mod ord^)}- 
It is clear that Y,*f = Q)°L A Y,*C,. Let / G Y, '■>",. A direct computation shows 
that 

Sl' n (f)(xi © • • • ® x„_ p+1 ) = (-1)" +1 (1 + (-If «;-')/(»! • • • ® x„_ p+1 ). 

Hence the horizontal boundary maps of Y,*f, are isomorphisms if w ^ (— l) p_1 , 
and they are zero maps if w = (— l) p_1 . So, 



(0 ifw'^(-l)P- 1 , 



l {p),V*>" \*(p),l 
Then, 



' # "CO © # " _1 (*&) if p is ° dd > 



F n (Y( P =< { 



Hn ( r (°')*o ) © #"~ 1 ( Y (° P ).o ) if char 0) = 2 and p is even, 

H n (Y°'* CA ) © H n - 1 {Y^* e A ) if char(fc) ^ 2 and p, ord A are even, 
in other case. 



The result follows easily from this fact. □ 

Theorem 3.10. Let A be a finite order Frobenius k-algebra. Assume that the 
characteristic of k does not divide ord^ and that k has a primitive or&A-th root of 
unity w. For each n > 1 we write n = q&A + s, with < s < eA- Then, 

1) if char (k) ^ 2 and ord^ is odd, 

q 
HH"(TA) = HH„(A)* © (HH"-^(A) © HH"" 16 ^ 1 ^)) 

© (ni- ) ieA - j+1 ' (A)®Ei- ieA - jfi (A)] 

j odd 
S+l 

i=2 

3 odd 

w/iere HH _1 (,4) = R'J^JA) = 0. 
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2) if char(fc) ^ 2 and omIa is even, 

g 
RR n {TA) = RR n {A)* (mi n - ieA (A) © HH"-' 6 *- 1 ^)) 



i=0 






K ieA ~ 

3=2 j=0 


i+1 '°(i)e^ 


-'V)) 


s+1 

(H^« ex - J ' +1,0 (i4)eH^« ex - J ''' 

j = 2 
j odd 


V)) 


K ieA ~ 

J' = 2 »=0 


' i+1,¥ (^)®H^ 


'«*-*¥ (i4) 


K-— +i 

3=2 


,¥ (4)®h;^- 


- J ''*(A)), 



wftere HH" 1 ^) = H" 1 ^) = H ( /- (A) = 0. 
3) if the characteristic of k is 2, then 

q 
RR n {TA) = RR n {A)* © (RR n ~ ieA {A) © KB"-**- 1 (A)) 

e A 9-1 

©00 (HST iex - J ' +1>0 (i4) © R n ( -^-^(A) 



j=2 t=0 

s+1 

® (H^» ex - J ' +1,0 (i4) © H^« eA - J '-°(A) 

w/iere HH _1 (^) = RT^JA) = 0. 

Proof. This follows immediately from Theorem 3.8 and Proposition 3.9. □ 

Remark 3.11. If k docs not have a primitive ord^-th root of unity, we can apply 
the above theorem, using that k RR*(T(A)) = HH|(T(fc © A)), where fc is a 
suitable extension of k and Kr&(T(fc © .A)) denotes the Hochschild cohomology of 
T(k © A) = k © T(A) as a I-algebra. 

Remark 3.12. As it is well known, every finite dimensional Hopf algebra A is Frobc- 
nius, being a Frobenius homomorphism any right integral ip G A* \ {0}. Moreover, 
by [S, Proposition 3.6], the compositional inverse of the Nakayama map p with 
respect to ip, is given by 

p~ (h) = a(ft ( i))5 (/i( 2 )), 

where a G A* is the modular element of A* and S is the compositional inverse of 
S (note that the automorphism of Nakayama considered in [S] is the compositional 
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inverse of the considered by us) . Using this formula and that a o S 2 — a it is easy 
to check that p(h) — a(S(hn)))S 2 (h(2)), and more generality, that 

p l (h) = a* l (S(h (1) ))S 2l (h (2 )), 

where a* 1 denotes the Z-fold convolution product of a. Since a has finite order 
respect to the convolution product and, by the Radford formula for S 4 (see [S, 
Theorem 3.8]), the antipode S has finite order respect to the composition, A has 
finite order. So, Theorem 3.10 applies to finite dimensional Hopf algebras. 

Theorem 3.13. Let A be a finite dimensional Hopf algebra. Assume that A and 
A* are unimodular. It is hold that 

1) if char(fc) ^ 2 and ord^ = 1, 

n 

RR n (TA) = RR n (A)* © HTT (A), 

j=0 

2) if the characteristic of k is 2 and ord^ = 1, then 

n n—1 

HH" (T A) = HH„ ( A) * © HIT ( A) © HTT ( A) , 

i=0 i=0 

3) if char(fc) ^ 2 and ord^ = 2, 

n n—1 

RR n {TA) = RR n (A)* © HTT (A) © E^A). 

i=0 j=0 

Proof. By [S, Corollary 3.20], if A and A* are unimodular, then a is the counity 
e of A and S* 4 = id. Hence, in this case, p = S 2 and p 2 = id. The result follows 
immediately from this fact and Theorem 3.10. □ 

Corollary 3.14. Let A be a finite dimensional Hopf algebra. If A is semisimple 
and char(/c) = ; then 

I HH°(A) ifn>0. 

Proof. Since for each semisimple finite dimensional Hopf algebra over a characteris- 
tic zero field A it is hold that A and A* are unimodular Hopf algebra, the antipode 
S of A is involutive, the result follows immediately from item 1) of Theorem 3.13 
and the fact that and A is separable. □ 

Theorem 3.15. Let A be a finite order Frobenius algebra. Assume that the char- 
acteristic ofk does not divide oy&a and that k has a primitive ord^-i/i root of unity 
w. Then RR n (A) = HH?j?(A) for all n > 0. 

Proof. By Propositions 3.4 and 3.9 

( RR n (A) ifn = 0, 

K {1) ' \ RR n (A) © HH"- 1 ^) if n > 0. 

(RR r ^{A) ifn = 0, 

~ \ HH?aV) © HH?- 1>0 (i4) if n > 0. 



'(l)^V^ — (1) 



From this follows easily that RR n {A) = RR^fAA) for all n > 0, as desired. □ 
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Example 3.16. Let k a field and N a natural number. Assume that k has a 
primitive N-th root of unity w. Let A be the Taft algebra of order N. That is, A 
is the algebra generated over k by two elements g and x subject to the relations 
g N — 1, x N = and xg — wgx. The Taft algebra A is a Hopf algebra with 
comultiplication A, counity e and antipode S given by 

A(g)=g0g, A(x) = 1 x + x g, 
e( 5 ) = 1, e(x) = 0, 

£(0) = S' -1 , S(x) = -xg~ x . 

Using that t — X^j^o w^ g^x N_1 is a right integral of A, it is easy to see that the 
modular element a G A* verifies a(g) = w~ 1 and a(x) — 0. By Remark 3.14 
the Nakayama map p: A — > A is given by p(g) = wg and p(x) = w; x. Hence, 
A = A a © • • • © ^jv-i, where 

Aj = {a e A : p(a) = ui~*a} 

= (x\x^g, . . . , ^-y— S g N ~\ xg N -»\ . . . , c^ 1 ^ 1 ). 

Let Cat = {1, i, . . . , t^ -1 } be the cyclic of order TV. It is easy to see that Cat acts 
on Aq via t ■ x % g % — w~ % x % g % and A is isomorphic to the skew product of Aq^Cm- 
By Theorem 3.15 we have 

EK n (A) = HK^(A) = H n (Y$* Q ), 

where Y,A is the complex introduced in the proof of Theorem 3.9. Let us consider 

the action of Cat on HH 9 (ylo) is induced by the action of Cn on Homfc(.Aj} , Aq) 
given by 

t ■ (fi(x ll g 11 • • • x l «g l «) = g N ' 1 <fi(t ■ x ll g 11 • • • 1 ■ x l "g l ")g. 

By [G-G2, 3.2.7] there is a converging spectral sequence 

El q = H*(CW,HH«(4))) =* J^'Q^o)- 

Now, iV is invertible in fc, since k has a primitive iV-th root of unity. Thus, the 
above spectral sequence collapses and 

HH"(i4) = H°(CAr,HH n (^o)) = HH"(A ) Cn . 
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